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Recall from the homework that agroup 6 is cyclic if
7 x cG s't G xh hE 17

In this case we write G G and say G is generated by x

Note that a cyclicgroup may have more than one generator

e.g R i C D

Pep If G x then

if IH h ca l x x X are all the distinctelements
of G

if 1 1 a the distinct elements of G are x he 2

Ef If 1 1 9 then G x he X bydefinition and all

the elements are distinct by HW

If 1 1 h then l X X are all distinct byHW 1

For any a c R we can write a but r r c o n i

so xa xb Xt x c 1 x x so x G l x 3Dw

y

Cer If G x then 161 1 1



In fact any twocyclic groups of the same order are

isomorphic

Them

1 If he R t and x and y are cyclicgroups oforder n

then he x y defined Xk y is welldefined and
an isomorphism

2 If x is an infinite cyclicgroup the map
4 z x defined kts Xk is well defined and an

isomorphism

PI 1 First we need to show 4 is well defined That is

if x xs then 4 xn 4 xs

If Xs then Xt s But r s I t mu some

le o h I and me E

Su xn s XlXm Xl L Since I X X are all distinct
it
xn m

y
1 0 Thus h r s

So yr s ym I y ys so 4 is well defined

4 xa x b 4 xatb yat's yay
b 4 xa 4 xb so it's



a homomorphism w obvious inverse 4 y x defined

yki xk

2 If x is infinite cyclic note that 4 12 x is

clearly welldefined since there's no ambiguity in the way
we express an integer

If a be 21 then 4 atb xatb xaxb Y a 4 b so
it's a homomorphism It's surjective since all elements

can be expressed as xk Ket It's injectivesince we

alreadyshowed xatxb if a b D

Netanhin Let 7h denote the cyclic group of order in
written multiplicatively

Lor Up to isomorphism Zu is the unique cyclicgroup
of order n and Zn E 4h12

In order to determine whichelements of a cyclic group
generate the whole group we first determine how the order

of a power of an element relates to the order of the

original element

Pep let G be a group xe G at 7 03
1 If 1 1 x then 1 4 a



2 If 1 1 n sa then 1 4 Fna
godof nanda

Rf 1 Follows from definition

2 Let l ma Then h h't and a a'd where h and

a are relativelyprime

Then xa x x I Thus

1 41 t n

But n la 1 4 n a 1 4 n 11 4

1 4 h Fay D

What does this mean

If G x is finite of order in then ye G generates

G Iyl n

So if y xa.ly hS h n a hand
a are
rel prime

If G x is infinite then y xa generates G

Yb X for some b c R F ab for some b a Il

So G xa a lov l



Subgroupsofcyclicgroups

It turns out all the subgroups of a cyclic group are also

cyclic

In the finite case consider 2 n x Let H EZn
Let a be the minimum ironing integer s t Xa cH

Then Exa EH Suppose Xbc It Then b ga tr some q

and OE r La

Thus b xa oh xotax x ta x'reH but by minimality of
a r O so al b Thus HE xa so He xa

That is any subgroup of Zn is cyclic

If G is an infinite cyclicgroup a hearty identical argument
shows that if HEG H is generated by Xa Where

a is the least positive exponent s t Xa c H

That is H is also cyclic

Since all nontrivial etfs of an infinite cyclicgroup have

infinite order all the subgroups must have infinite order

However if G x is finite we have the following



Them If G x is finite of order in then for
each positive integer a dividing in there is a unique
subgroup of G of order a

Note by Lagrange'sTheorem these are in fact the only subgroups
of G

PI let a divide in Then if d ha we have Xd n

I ad

so xd f a which proves existence

If H E G is another subgroup of order a we know

It xb some b st a xb b

n b I D d l b de b some e

xb xd c xd xb E xd but theyhave

the same order so they're equal D

EI 1 The subgroups of 7 122 are of orders 1,43 4,6 12

They are 0 07,45 F 5 KE ft 242,2 respectively

2 The subgroups of 7 are all of theform m where M

is nonnegative


